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Motion of a spinning particle in curved space-time
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The motion of spinning test-masses in curved space-time is described with a covariant
hamiltonian formalism. A large class of hamiltonians can be used with the model-
independent Poisson-Dirac brackets, to obtain equations of motion. Here we apply it to
the minimal hamiltonian and also to a non-minimal hamiltonian, describing the gravi-
tational Stern-Gerlach force. And a note on ISCO has been added.
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1. Spinning particles
The study of test-mass with intrinsic angular momentum or spin and its dynamics
in curved space-time, was very essential since the beginning of General Relativity.
There are two complimentary approaches to the subject. Since the gravitating
objects possess quasi-rigid rotation along with orbital motion, studies have aimed
at keeping track of the centre of mass by using different supplementary conditions
with in the Mathisson-Papapetrou model1–12.
In practise, determining the overall motion of the body, by following a detailed
microscopic description of a material body is often too complicated. Therefore
the spinning particle approximation, in contrast neglects the internal structure by
assigning an overall position, momentum and spin to a test mass moving on a
worldline.
2. Covariant Hamiltonian Formalism
In recent papers13–15 we derived equations of motion for compact spinning bodies
in curved space-time in an effective world-line formalism. The equations can be
obtained either in a hamiltonian formulation or from local energy-momentum con-
servation. In the hamiltonian formulation, the dynamical systems are specified by
the following three sets of ingredients:
2.1. Equations of motion
In the simplest case of a massive free spinning particle in the absence of Stern-
Gerlach forces and external fields the equations read
Dτu
µ =
1
2m
ΣκλR µκλ νu
ν , DτΣ
µν = 0. (1)
The solution of these equations is the worldline (as shown in Fig.1) along which
the spin tensor is covariantly constant rather than a worldline followed by some
preferred centre of mass, however chosen.
July 19, 2018 17:50 WSPC Proceedings - 9.75in x 6.5in Satish-MG14 page 2
2
Fig. 1.
Herem is the mass of the spinning particle, τ is the proper time, and
the proper velocity uµ = x˙µ is the tangent vector (blue arrows) of
this worldline (thick, black line), which may differ from the proper
velocity of any centre of mass (dotted lines) and the difference is
quantified by the dipole vector Zµ (green, double arrows):
Sµ =
1
2
√−g εµνκλuνΣκλ, Zµ = Σµνuν . (2)
where Σµν is the anti-symmetric spin tensor which unifies the in-
ternal angular momentum pseudo-vector Sµ and the mass dipole
moment Zµ. Both vectors are space-like:
Sµu
µ = Zµu
µ = 0, (3)
as required to match the number of independent components of Σµν .
2.2. One-particle phase space
In the phase-space formulation the equations of motion (1) can be derived from the
free hamiltonian
H0 =
1
2m
gµνπµπν , πµ = mgµνu
ν , (4)
by applying the model-independent Dirac-Poisson brackets
{xµ, πν} = δµν , {πµ, πν} =
1
2
ΣκλRκλµν ,
{Σµν , πλ} = Γ µλκ Σνκ − Γ νλκ Σµκ,
{
Σµν ,Σκλ
}
= gµκΣνλ − gµλΣνκ − gνκΣµλ + gνλΣµκ.
(5)
Here the inverse metric gµν , the connection Γ λµν and the Riemann tensor Rµνκλ
appear as structure functions in the bracket algebra.
2.3. Constants of motion
This formalism is also convenient for deriving constants of motion, which commute
with the hamiltonian in the sense of the brackets. For a test mass moving on spher-
ically symmetric space-times, there exist conservation laws as implied by Noether’s
theorem. The symmetries of the space-time manifest themselves as Killing vectors.
Here due to spin-orbit coupling, the conserved quantities implied by Noether’s
theorem are linear combinations of momentum and spin components:
{J,H0} = 0 ⇒ J = αµ πµ + 1
2
βµν Σ
µν . (6)
Such a constant exists if
∇µαν +∇ναµ = 0, ∇λβµν = R κµνλ ακ. (7)
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Thus α is a Killing vector and β is its anti-symmetrized gradient:
βµν =
1
2
(∇µαν −∇ναµ). (8)
In addition, for any space-time geometry there exist universal constants of motion:
the particle’s mass given by the hamiltonian constraint; the total spin I as a result
of local Lorentz invariance; and the pseudo-scalar spin-dipole product is defined as
H0 = −m
2
, I =
1
2
gµκgνλΣ
µνΣκλ, D =
1
8
√−g ǫµνκλΣµνΣκλ. (9)
3. Schwarzschild space-time
The Schwarzschild metric is the unique, static and spherically symmetric vacuum
solution, as implied by Birkhoff’s theorem. Its standard line element in Droste
co-ordinates reads:
dτ2 =
(
1− 2M
r
)
dt2 − dr
2
1− 2M
r
− r2dθ2 − r2 sin2 θ dϕ2. (10)
As a result of the the time-translation symmetry there is a Killing vector field
corresponding to the particle energy
E = −πt − M
r2
Σtr. (11)
The spherical symmetry implies three Killing vector fields generating a conserved
angular momentum 3-vector
J1 = − sinϕπθ − cot θ cosϕπϕ
−r sinϕΣrθ − r sin θ cos θ cosϕΣrϕ + r2 sin2 θ cosϕΣθϕ,
J2 = cosϕπθ − cot θ sinϕπϕ
+r cosϕΣrθ − r sin θ cos θ sinϕΣrϕ + r2 sin2 θ sinϕΣθϕ,
J3 = πϕ + r sin
2 θΣrϕ + r2 sin θ cos θΣθϕ.
(12)
The invariance under rotations allows us to choose the direction of total angular
momentum to be the z-direction, such that
J = (0, 0, J). (13)
Therefore we can express four spin-tensor components in terms of co-ordinates and
velocities:
Σrθ = −mruθ, Σrϕ = J
r
−mruϕ,
Σθϕ =
J
r2
cot θ, Σtr =
mr2
M
(
1− 2M
r
)
ut − r
2E
M
.
(14)
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The two remaining spin-tensor components Σtθ and Σtϕ are related (9) to the
constants of motion I and D and the orbital parameters. In addition, we have the
hamiltonian constraint: u2 = −1 :(
1− 2M
r
)
ut 2 − u
r 2
1− 2M
r
− r2uθ 2 − r2 sin2 θ uϕ 2 = 1. (15)
The total angular momentum J of spinless particles is strictly orbital, therefore they
move in a plane perpendicular to the angular momentum. With our choice of the z-
axis this is the equatorial place θ = π/2. For the spinning particles, as the precession
of the spin is compensated by the precession of the orbital angular momentum and
they are not necessarily aligned, the plane of the orbit can precess12,16.
4. Plane-circular orbits
To find the simplest orbit: circular, we consider the motion to be in the equatorial
plane. Then the planar motion13 requires alignment of the spin with the orbital
angular momentum in the Schwarzschild geometry. Which implies,
θ =
π
2
⇒ uθ = u˙θ = 0, (16)
as a result
Σtθ = Σrθ = Σθϕ = 0. (17)
Such orbits satisfy the conservation law
D = S · Z = 0. (18)
For circular orbits we additionally impose r = R = constant and ur = u˙r = 0.
Then the equations of motion (1) implies (Σtr,Σrϕ,Σtϕ) are constants. Further,
the symmetry of the circular orbit guarantees that (ut, uϕ) are constant in time,
and therefore Σtϕ = 0 indeed.
Since the radial acceleration is absent Dτu
r = 0 and using the hamiltonian
constraint (15), the equation of motion which describes the circular orbit in terms
of constants (R, J) is found to be
JM
mR2
(
2M
R
+R2uϕ 2
)
= Ruϕ
[
M
R
−
(
1− 6M
R
+
6M2
R2
)
R2uϕ 2
]
, (19)
which can be solved for orbital frequency uϕ (therefore ut). It can also be written
equivalently in terms of other constants (R,E), by using the relation between J
and E obtained by setting the condition: the rate of change of Σtϕ vanishes, as
implied by circular orbits. Finally the total spin for circular orbits written in terms
of constants (R, J,E):
I = − R
4
M2
[(
1− 2M
R
)
mut − E
]2
+
1(
1− 2M
R
) [J −mR2uϕ]2 . (20)
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4.1. Innermost Stable Circular Orbit (ISCO)
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Fig. 2. The radius of minimal orbital
angular momentum Rmin/M at fixed
spin.
Re-writing (19) with orbital angular momentum
ℓ = R2uϕ and spin parameter σ = RΣrϕ/m, in
the form
σ
M
R
M
(
2R
M
+
ℓ2
M2
)
=
ℓ
M
(
R
M
− 2
)[
R2
M2
− ℓ
2
M2
(
R
M
− 3
)]
, (21)
we derive the minimum of ℓ/M as a function of
R/M for fixed spin σ and the result if plotted
in Fig. 2. It coincides with the ISCO in the
absence of spin: R = 6M when ℓ2 = 12M2.
We have established that the curve approximates
the ISCO well in the domain of physical interest
−0.5 < σ/M < 0.5. Beyond this limit, the
back reaction of the spinning particle on the space-time geometry can no longer be
neglected anyway. We have also presented the detailed analysis of ISCO from the
arguments of stability criterion14.
5. Gravitational Stern-Gerlach force
We can extend our analysis by including a spin-spin interaction, with coupling
constant κ:
H = H0 +HSG, HSG =
κ
4
RµνκλΣ
µνΣκλ, (22)
Using this non-minimal hamiltonian in the brackets (5), we generalize the equations
of motion (1) and obtain the gravitational Stern-Gerlach force, coupling spin to the
gradient of the curvature
πµ = mgµν x˙
ν , Dτπµ =
1
2m
ΣκλR νκλµ πν −
κ
4
ΣκλΣρσ∇µRκλρσ,
DτΣ
µν = κΣκλ (R µκλ σΣ
νσ −R νκλ σΣµσ).
(23)
Remarkably all the conservation laws established for the minimal hamiltonian holds
true here as well.
6. Summary
A covariant hamiltonian spin-dynamics in curved space-time is formulated without
using any supplementary conditions like Pirani, Tulczyjew and so on. As a result
the Pirani vector Z is no longer zero in the theory. The advantage of this for-
malism is, that the closed set of model-independent Poisson-Dirac brackets can be
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used with different hamiltonians, using the minimal choice of hamiltonian we ob-
tain the equations of motion by computing its bracket with this hamiltonian. The
particle’s motion along Killing trajectories, like circular orbits have been studied.
Next the study has been extended with gravitational Stern-Gerlach interactions by
introducing the non-minimal hamiltonian.
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